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Abstract In this paper are presented a mathematical tool based on the notion of quasi-
bounded mapping, applicable to the study of nonlinear complementarity problems depending
of parameters.

Keywords Quasi-bounded mappings · Complementarity problems depending of
parameters

1 Introduction

The aim of Complementarity Theory is the study of complementarity problems (linear or
nonlinear), from several points of view. Each complementarity problem is related to a par-
ticular mathematical model considered in optimization theory, in the study of equilibrium of
economical systems, in mechanics, in engineering etc. [25–27].

A main chapter in Complementarity Theory is the study of nonlinear complementarity
problems, generally, considered in infinite dimensional Hilbert spaces [25–27].

It is well known that there exist many and interesting interactions between Nonlinear
Analysis and Nonlinear Complementarity Theory, [22,25–27].

Many nonlinear complementarity problems considered in Physics and in Engineering are
nonlinear complementarity problems defined by integral operators with respect to closed
convex cones in the space L2 (�,μ) or in particular Sobolev Hilbert spaces [29,34].

In this paper we present some existence theorems for nonlinear complementarity prob-
lems defined by quasi-bounded operators. A. Granas introduced the notions of quasi-bounded
operator [20]. It is known that quasi-bounded operators have interesting applications to the
study of fixed points for nonlinear mappings [20,36,43]. We consider in this paper nonlin-
ear complementarity problems defined by nonlinear operators, which are quasi-bounded and
depending of one or several parameters. This kind of nonlinear complementarity problems,
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are related to some mathematical models used in Physics, Engineering and in Elasticity. The
results presented in this paper can be considered as stimulus for new researches in nonlinear
analysis and in particular to obtain new classes of quasi-bounded operators. The reader can
also see the books [15,28,31].

2 Preliminaries

We denote by (E ‖·‖) a Banach space and by (H, 〈·, ·〉) a Hilbert space. If (E ‖·‖) is a given
Banach space, we denote by L (E, E) the Banach space of linear continuous mappings from
E into E . We denote by R+ the set of nonnegative real numbers. We say that a subset K of
E (or of H) is a pointed convex cone if K satisfies the following properties:

(k1)K + K ⊆ K ; (k2)λK ⊆ K for any λ ∈ R+ and (k3)K ∩ (−K) = {0}.
If K is a pointed convex cone in a Hilbert space H , then by definition the dual cone of K is:

K
∗ = {y ∈ H |〈x, y〉 ≥ 0 for all x ∈ K }.

If K is a closed convex cone in a Hilbert space H , we denote by PK the metric projection
onto K , that is, the mapping PK: H → K which associates to any x ∈ H , the unique element
in K , denoted by PK (x) and defined by the condition

‖x − PK (x)‖ ≤ ‖x − y‖ , for all y ∈ K.

The projection PK is nonexpansive and therefore it is continuous.
Because 0 ∈ K we have ‖PK (T (x))‖ = ‖PK (T (x))− PK (0)‖ ≤ ‖T (x)‖, for any

mapping T : H → H , and x ∈ H . If A is a subset of E we denote by A the closure of A and
by ∂A the boundary of A.

Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed pointed convex cone and f : H → H
a mapping. The general nonlinear complementarity problem defined by f and K is:

NC P ( f,K) :
{

find x0 ∈ K such that
f (x0) ∈ K

∗ and 〈x0, f (x0)〉 = 0.

When f is an affine mapping, the problem NC P( f, K ) becomes the linear complemen-
tarity problem denoted by LC P(A, b, K )where f (x) = Ax +b with A ∈ L (H, H) and b is
an element in H . For more information about complementarity theory, the reader is referred
to [22,25–27].

We consider in this paper the problem NC P( f, K ) when the mapping f has one of the
following forms:

(i) f (x) = ρx − T (x) , ρ ∈ R and T is a nonlinear mapping.
(ii) f (x) = x −λT1 (x)+ T2 (x) , λ ∈ R. This form has as particular case the Von Kárman

operator i.e., f (x) = x −λL (x)+ T (x) , with L ∈ L (H, H) and T a nonlinear com-
pletely continuous operator, homogeneous of degree three. The operator L is completely
continuous and self-adjoint [10–14,16,24].

(iii) f (x) = ρx − T1 (x)− εT2 (x) , ρ, ε ∈ R.
(iv) f (x) = ρx − λT1 (x)− εT2 (x) , ρ, λ, ε ∈ R.

The kinds of mappings presented above are used in some practical problems, considered
in mechanics and in particular in elasticity, [10–14,16,24,34]. In these cases we have com-
plementarity problems depending of parameters. We note that in many practical problems,
the operators, T, T1, T2 and L used above are integral operators defined on the space L2.
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3 Asymptotic derivatives

Let (E, ‖·‖) be a Banach space and L (E, E) the Banach space of linear continuous mappings
from E into E . If f is a mapping from E into E , the asymptotic derivative of f (if it exists)
is an element L ∈ L (E, E) such that

lim‖x‖→+∞
‖ f (x)− L (x)‖

‖x‖ = 0.

It is known [3,32,33] that if f has an asymptotic derivative, then it is unique and we
denote it by f ∞ = L . Also in [3] and in [32] it is proved that if f is completely continuous
then f ∞ is completely continuous too. About this result we cite also our paper [23].

Generally, nonlinear integral operators are asymptotically differentiable, under some
assumptions. This is the case of Hammerstein or Uryson operators [32,33]. In this sense
we cite some facts.

Let � ⊂ R
n be the closure of a bounded set, which has a piecewise smooth boundary,

f : �× R → R and K : �×� → R two mappings. The Hammerstein operator defined by
K , f and the Lebesgue measure is:

A (ϕ) (t) =
∫
�

K (t, s) f [s, ϕ (s)] ds,

where ϕ is for example in L2 (�,μ), or in L p (�,μ) , (1 < p < ∞).
If the following conditions are satisfied:

(1)
∫
�

∫
�

K 2 (t, s) dtds < +∞,

(2) the substitution operator f0 (ϕ) (s) = f [s, ϕ (s)], where ϕ ∈ L2 is such that f0: L2 →
L2,

(3) | f (t, u)− u| ≤ ∑
S j (t) |u|1−p j + D (t), where t ∈ �,−∞ < u < +∞, S j (t) ∈

L2/p j , 0 < p j < 1, j = 1, 2, . . . ,m and D ∈ L2,

then A : L2 → L2 and its asymptotic derivative is

B (ϕ) (t) =
∫
�

K (t, s) ϕ (s) ds.

The proof of this result is in [33].
We have also the following abstract result. Consider the space L2 = L2 (�,μ) and sup-

pose that the operators:

A (u) (x) = ∫
�

K (x, y) u (y) dy

and
f∗ (u) (x) = f [x, u (x)]

are well defined and are continuous from L2 into L2. The abstract form of Hammerstein
operator defined by A and f∗ is F (u) = (A ◦ f∗) (u). If the operator f∗ has an asymptotic
derivative, denoted by f ∞∗ , then the operator F is asymptotically derivable and its asymptotic
derivative F∞ is the linear operator A ◦ f ∞∗ . Indeed, we have

lim‖u‖→∞

∥∥F (u)− (
A ◦ f ∞∗

)
(u)

∥∥
‖u‖ = lim‖u‖→∞

∥∥(A ◦ f∗) (u)− (
A ◦ f ∞∗

)
(u)

∥∥
‖u‖

≤ lim‖u‖→∞
‖(A)‖ ∥∥ f∗ (u)− f ∞∗ (u)

∥∥
‖u‖ = 0
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In the case of Uryson operator we have the following result.
Consider the Uryson operator i.e.,

(Ax ) (t ) =
∫
�

k (t, s, x (s ) )ds,

supposed to be well defined from L2 into L2.
If the limit

lim
u→∞ u−1k (t, s, u) = k0 (t, s) (t, s ∈ �) ,

exists, then it is natural to look for an asymptotic derivative A∞ of the operator A, the
following linear integral operator.

B (h (t)) =
∫
�

k0 (t, s) h (s)ds.

It is known [32] that if k (t, s, u) and k0 (t, s) u satisfies some special conditions then the
operator A has as asymptotic derivative, the operator B.

We note that the Hyers-Ulam stability of mappings can be also used to find the asymptotic
derivative of some mappings [22].

For more information about asymptotic derivatives the reader is referred to [3,32,33].
We consider that the notion of asymptotic derivative must be studied in the sense to find

new classes of nonlinear operators asymptotically derivable.

4 Quasi-bounded operators

We recall in this section the notion of quasi-bounded operator defined by A. Granas in 1962
and used in the fixed-point theory [20]. We recall the definition of quasi-bounded operators
in the general case.

Let (E, ‖·‖) be a Banach space or a Hilbert space and f : E → E a mapping.

We say that f is quasi-bounded if and only if lim sup
‖x‖→+∞

‖ f (x)‖
‖x‖ < +∞.

If f is quasi-bounded we denote:

[ f ]qb = lim sup
‖x‖→+∞

‖ f (x)‖
‖x‖ = inf

ρ>0
sup

‖x‖≥ρ
‖ f (x)‖

‖x‖ ,

and we say that [ f ]qb is the quasi-norm off.

We denote [ f ]b = sup
x �=0

‖ f (x)‖
‖x‖ and if [ f ]b < ∞ we say that f is linearly bounded.

If f is linearly bounded it is known that [ f ]qb ≤ [ f ]b and hence, any linearly bounded
mapping is quasi-bounded. In particular, any linear continuous mapping from E into E is
quasi-bounded and the converse is not true.

Indeed, if f : E → E is a linear continuous mapping then in this case we have

lim sup
‖x‖→+∞

‖ f (x)‖
‖x‖ = inf

ρ>0
sup

‖x‖≥ρ
‖ f (x)‖

‖x‖ = ‖ f ‖ < +∞,

that is, in this case we have that [ f ]qb = ‖ f ‖.
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We note that, the quasi-bounded operators have been considered by several authors in the
study of problems related to the fixed-point theory to the subjectivity of nonlinear mappings
and to the solvability of nonlinear equations [9,17,20,23,36,39,40,43].

We note that the notion of quasi-bounded operator can be defined also for set-valued
mappings.

We say that a mapping T : E → E satisfies condition (BN) (Brezis-Nirenberg) [8]) if

lim‖x‖→+∞
‖T (x)‖

‖x‖ = 0.

Obviously, any operator, which satisfies condition (BN), is a quasi-bounded operator.
It is easy to prove that if f : E → E has a decomposition of the form f = h + g with

h quasi-bounded and g linearly bounded (or satisfying condition (BN) is a quasi-bounded
operator.

Also, if f : E → E is bounded, in the sense that there exists M > 0 such that ‖ f (x)‖ ≤
M ‖x‖ for any x ∈ E then f is quasi-bounded. More general, we can prove the following
result.

A mapping f: E → E is quasi-bounded if and only if there exist ρ > 0 and two positive
constants M1 and M2 such that ‖ f (x)‖ ≤ M1 ‖x‖ + M2 for any x ∈ E, with ||x|| > ρ.

We note also the following examples of quasi-bounded mappings.
If there exists a mapping ϕ: R+ → R such that lim

t→+∞
ϕ(t)

t = 0, then any mapping f: E

→ E such that for any x ∈ E , ‖ f (x)‖ ≤ M ‖x‖ + ϕ (‖x‖), with M > 0 is a quasi-bounded
mapping.

There exists an interesting relation between asymptotic derivability and quasi-boundeness.
In this sense we cite the following result.

If f: E → E has an asymptotic derivativeT ∈ L (E, E) then f is quasi-bounded and
[ f ]qb = ‖T ‖.

Indeed, we have

[ f ]qb = lim sup
‖x‖→+∞

‖ f (x)‖
‖x‖ ≤ lim sup

‖x‖→+∞
‖ f (x)− T (x)‖

‖x‖
+ lim sup

‖x‖→+∞
‖T (x)‖

‖x‖ = lim sup
‖x‖→+∞

‖T (x)‖
‖x‖ = ‖T ‖

and

‖T ‖ = lim sup
‖x‖→+∞

‖T (x)‖
‖x‖ ≤ lim sup

‖x‖→+∞
‖T (x)− f (x)‖

‖x‖
+ lim sup

‖x‖→+∞
‖ f (x)‖

‖x‖ = lim sup
‖x‖→+∞

‖ f (x)‖
‖x‖ = [ f ]qb .

(We used [7], Chapter 4, Sect. 7, Proposition 13 and Corollary 1).
By this result we obtain that many nonlinear integral operators, under some conditions are

quasi-bounded operators, in particular we have this situation for Hammerstein and Uryson
operators [32,33].

In 1984, V. H. Weber studied the spectrum of a class of nonlinear operators named ϕ-
asymptotically bounded operators [44].

Letϕ be a function from R+ into R+ with the property that for a particular ρ > 0, ϕ(t) > 0
for any t ≥ ρ.
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W esaythatamapping f : E → E is ϕ-asymptoticallybounded if there exist b, c ∈ R+
such that for any x with b ≤ ‖x‖ we have ‖ f (x)‖ ≤ cϕ (‖x‖).

Obviously, if f is ϕ-asymptotically bounded and ϕ satisfies condition (BN) then f is
quasi-bounded.

The quasi-norm of a quasi-bounded mapping has the following properties.

(1) If f : E → E is quasi-bounded and λ ∈ P then [λ f ]qb = |λ| [ f ]qb. Indeed, we have

[λ f ]qb = lim sup
‖x‖→+∞

‖λ f (x)‖
‖x‖ = |λ| lim sup

‖x‖→+∞
‖λ f (x)‖

‖x‖ = |λ| [ f ]qb.

(2) If f1, f2: E → E are quasi-bounded, then f1 + f2 is quasi-bounded and we have
[ f1 + f2]qb ≤ [ f1]qb + [ f2]qb.

This formula is a consequence of ([7], Chapter 4, Sect. 7, Proposition 13)
We end this section with the following result due to M. A. Krasnoselskii [22,32].
If for a mapping f : E → E there exists ρ > 0 (sufficiently big) such that f has a Fréchet

derivative, denoted by f ′ (x), at any point x with ||x || > ρ and lim‖x‖→+∞
∥∥ f ′ (x)− T

∥∥ = 0,

with T ∈ L (E, E), the T is an asymptotic derivative of f .
Consequently, in this case f is quasi-bounded.

5 Applications to complementarity problems depending of parameters

We present in this section some applications of quasi-bounded operators to the study of
complementarity problems defined by mappings depending of parameters, like the mappings
defined in Sect. 2. We note that complementarity problems or variational inequalities defined
by mappings depending of parameters are considered in many practical problems studied in
Engineering or in Physics.

About such kinds of problems the reader is referred to [1,6,10–14,16,19,24,29,34].
Our main results presented in this paper are based on the following classical result.
Let (H, 〈·, ·〉) be a Hilbert space, X a non-empty subset of H and f : X → H a mapping.

We recall that f is compact if f (X) is a relatively compact subset of H , and we say that f is
completely continuous if it is continuous and for any bounded set B ⊂ X we have that f (B)
is relatively compact in H .

Theorem 1 (Leray-Schauder Alternative) Let D ⊂ H be a convex set, U a subset, open in D
and such that 0 ∈ U. Then each continuous compact mapping f : U → D has at least one
of the following properties:

(i) f has a fixed-point, i.e., there exists an element x∗ ∈ U such that f (x∗) = x∗,
(ii) there exist x∗ ∈ ∂U and 0 < λ∗ < 1 such that x∗ = λ∗ f (x∗).

Proof A proof of this result is given in [35] ��

For more information about Leray-Schauder Alternative the reader is referred to [27].
As application of Theorem 1 we have the following result.

Theorem 2 Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed pointed convex cone and T :
H → H a quasi-bounded completely continuous mapping.

Then for any real number ρ satisfying [T ]qb < ρ the problem NCP(f, K ), has a solution
where f (x) = ρx − T (x).
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Proof We consider the mapping F (x) = PK

[
x − 1

ρ
f (x)

]
defined for any x ∈ H . From

complementarity theory [22,25,26] we know that the problem NC P( f, K ) has a solution,
if and only if the mapping F has a fixed-point (which obviously will be in K ).

We have that F is quasi-bounded and [F]qb < 1. Indeed we have

lim sup
‖x‖→+∞

‖F (x)‖
‖x‖ = lim sup

‖x‖→+∞

∥∥∥PK

[
1
ρ

T (x)
]∥∥∥

‖x‖ ≤ lim sup
‖x‖→+∞

1
ρ

‖T (x)‖
‖x‖

= 1

ρ
lim sup
‖x‖→+∞

‖T (x)‖
‖x‖ = 1

ρ
[T ]qb <

1

ρ
ρ = 1

Therefore we have [F]qb < 1. Then there exists r > 0 such that ‖F(x)‖
‖x‖ < 1 for all xwith

||x || ≥ r .
We take C = H and U = {x ∈ H |‖x‖ < r } and we observe that the assumptions of

Theorem 1 are satisfied.
We take that there is no x0 ∈ ∂U and 0 < λ0 < 1 such that x0 = λ0 F (x0), because if we

suppose that x0 = λ0 F (x0) with x0 ∈ ∂U and 0 < λ0 < 1, we have ‖x0‖ = λ0 ‖F (x0)‖ <
‖F (x0)‖, which is impossible. Therefore applying Theorem 1 we have that the problem
NC P( f, K ) has a solution. ��

Corollary 3 If T : H → H is a quasi-bounded completely continuous mapping such that
T (0) /∈ −K ∗ then any real number ρ such that [T ]qb < ρ is an eigenvalue for the problem
NC P( f, K ), i.e., there exists a solution x∗ of the problem NCP(f, K ) associated to ρ such
that x∗ �= 0. ��

Theorem 4 Let (H, 〈·, ·〉) be a Hilbert space, T1, T2: H → H, quasi-bounded completely
continuous mappings and K ⊂ H a closed pointed convex cone.

Consider the mapping fρ,ε: H → H defined by fρ,ε (x) = ρx − T1 (x)− εT2 (x), with
ρ, ε positive real parameters.

Then for any ρ > 0 such that [T1]qb < ρ, there exists ε0 > 0 such that for every ε ∈ ]0, ε0[
the problem NC P

(
fρ,ε,K

)
has a solution. Moreover, if T1(0) = 0 and T2 (0) /∈ −K

∗
or T1 (0) /∈ −K

∗ and T2(0) = 0, then any ε ∈ ]0, ε0[ is an eigenvalue for the problem
NC P

(
fρ,ε,K

)
, (i.e., the problem NC P

(
fρ,ε,K

)
has a nontrivial solution associated to ρ

and ε ).

Proof Because [T1]qb < ρ, then there exists ε0 > 0 such that ε0 [T2]qb < ρ− [T1]qb, which
implies that for any ε ∈ ]0, ε0[ we have ε [T2]qb ≤ ε0 [T2]qb < ρ − [T1]qb.

Considering the fact that fρ,ε (x) = ρx − [T1 (x)+ εT2 (x)] we deduce that T1 + εT2 is a
completely continuous quasi-bounded mapping, and [T1 + εT2]qb ≤ [T1]qb + ε [T2]qb < ρ.

The theorem follows applying Theorem 2 and obviously, if all the assumptions of our
theorem are satisfied we have that any ε ∈ ]0, ε0[ is an eigenvalues for the problem NC P(

fρ,ε,K
)
. ��

Now we consider the general case that is the case when the mapping f is dependent of
three parameters in the following form:

f (x) = ρx − λT1 (x)− εT2 (x) .

In this case we have the following result.
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Theorem 5 Let (H, 〈·, ·〉) Hilbert space, T1, T2: H → H, quasi-bounded completely
continuous mappings and K ⊂ H a closed pointed convex cone.

Consider the mapping fρ,λ,ε: H → H defined by fρ,λ,ε (x) = ρx − λT1 (x)− εT2 (x),
with ρ, λ and ε positive real parameters.

Then for any ρ > 0, λ > 0 such that [T1]qb <
ρ
λ

, there exists ε0 > 0 such that for
every ε ∈ ]0, ε0[ the problem NC P

(
fρ,λ,ε,K

)
has a solution. Moreover, if T1(0)= 0 and

T2 (0) /∈ −K
∗ or T1 (0) /∈ −K

∗ and T2 (0)= 0, then any ε ∈ ]0, ε0[ is an eigenvalue for
the problem NC P

(
fρ,λ,ε,K

)
, (i.e., the problem NC P

(
fρ,λ,ε,K

)
has a nontrivial solution

associated to ρ, λ and ε ).

Proof We observe that the problem NC P
(

fρ,λ,ε,K
)

has a solution if and only if the problem
NC P

( 1
λ

fρ,λ,ε,K
)

has a solution. The mapping 1
λ

fρ,λ,ε has the form

1

λ
fρ,λ,ε (x) = ρ

λ
x − T1 − ε

λ
T2 (x) ,

which is the mapping considered in Theorem 4, where ρ is replaced by ρ
λ

and ε by ε
λ

.
As in the proof of Theorem 4 there exists ε0 > 0 such that ε0

λ
[T2]qb <

ρ
λ

− [T1]qb which
implies that for any 0 < ε

λ
< ε0

λ0[
T1 + ε

λ
T2

]
qb
< [T1]qb + ε

λ
[T2]qb <

ρ

λ

and applying Theorem 2 we obtain that the problem NC P
( 1
λ

fρ,λ,ε,K
)

has a solution for
any ε

λ
satisfying 0 < ε

λ
< ε0

λ
.

Therefore for any ε such that 0 < ε < ε0 the problem NC P
(

fρ,λ,ε,K
)

has a solution.
The last part of the conclusion is evident. ��

It is interesting to consider, in particular, the case when f is the Von Kárman operator, that
is the case f (x) = x − λL (x)+ T (x), where L ∈ L (H, H) is self-adjoint and completely
continuous and T is a nonlinear completely continuous operator and positive homogeneous
of degree three [10–14,24].

We proved in [24] that if (H, 〈·, ·〉)is a Hilbert space, K ⊂ H is a closed pointed convex
cone, T is not necessarily homogeneous and 〈T (x) , x〉 > 0 for any x ∈ K\ {0} and λ ∈ [0,
ρ], where 1

ρ
= sup

x∈K

〈L(x),x〉
‖x‖2 , then the problem NCP( f, K ) has only the trivial solution.

Now using the quasi-bounded operators we have the following result.

Theorem 6 Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed pointed convex cone, L: H →
H a nontrivial linear self-adjoint and completely continuous operator. Let T : H → H be a
nonlinear completely continuous operator. Consider the mapping f (x) = x−λL (x)+T (x),

where x ∈ H and λ>ρ, where 1
ρ

= sup
x∈K

〈L(x),x〉
‖x‖2 . If T is quasi-bounded and ρ <

1−[T ]qb
‖L‖ , then

for every λ such that ρ < λ <
1−[T ]qb

‖L‖ , the problem NCP( f, K ) has a solution. Moreover,
if we consider a perturbation of f of the form fb (x) = x − λL (x) + T (x) + b, where b ∈
H and b /∈ K

∗, then for any λ such that ρ < λ <
1−[T ]qb

‖L‖ , the problem NCP( fb, K ) has a
nontrivial solution. (We suppose that b has a very small norm).

Proof Indeed, for any λ such that ρ < λ <
1−[T ]qb

‖L‖ we have λ ‖L‖ < 1 − [T ]qb, which
implies [λL − T ]qb ≤ λ ‖L‖ + [T ]qb < 1 − [T ]qb + [T ]qb = 1. Applying Theorem 2, we
have that the problem NCP( f, K ) has a solution.
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Considering the mapping fb we observe that the mapping λL − T − b is completely
continuous, quasi-bounded and [λL − T − b]qb ≤ λ ‖L‖+ [T ]qb < 1− [T ]qb + [T ]qb = 1.
Applying again Theorem 2 we have that the problem NCP( fb, K ) has a solution x∗, and x∗ �=
0 because T (0) = 0 and b /∈ K

∗. ��
Remark

(1) In the study of elastic plates subjected to unilateral conditions the element b used in
Theorem 6 is interpreted as the density of a body force [19].

(2) We note that Theorem 6 is valid if we replace the element b by a mapping A: H → H
satisfying condition (BN) and we ask that A (0) /∈ K

∗.

We note that it is interesting to know under what physical or mechanical assumptions the
operator T , used in the definition of Won Kárman operator is a quasi-bounded operator.

6 A possible generalization of quasi-boundedness property

Our results presented in the previous section are essentially based on two properties: the
complete continuity and the quasi-boundedness.

As we noted above, A. Granas introduce the notion of quasi-bounded mapping as a math-
ematical tool in the fixed-point theory [20]. After some time this notion has been used to the
study of some problems considered in nonlinear analysis [17,36,40,43].

Now, we will follow a similar way that is we will define a generalization of the notion of
quasi-bounded mapping, under the name of B-quasi-bounded mapping and we will prove a
fixed-point theorem for this class of mappings.

Let (E, ‖·‖) be a Banach space and K ⊂ E a closed convex cone (not necessarily pointed).
If� ⊂ K is a non-empty subset we denote by�, ∂� and conv (�) the closure, the boundary
and the convex hull of� in K , respectively. Let Pb (K) the collection of bounded subsets of
K .

We say that a function α: Pb (K) → [0,+∞[ is a measure of noncompactness on K if
and only if the following properties are satisfied:

(α1) α(A) = 0 if and only if A is compact,
(α2) α (A) = α

(
A
)
,

(α3) A1 ⊆ A2 implies α (A1) ≤ α (A2),
(α4) α (A ∪ B) = max {α (A) , α (B)},
(α5) α (λA) = λα (A) for any λ ∈ R+,
(α6) α (conv (A)) = α (A),
(α7) α (A + B) ≤ α (A)+ α (B).

We cite as example of a measure of noncompactness, the Kuratowski measure of non-
compactness defined by:

α (A) = inf {r > 0 |A admits a finite cover by sets of diameter at most r } .
About measures of noncompactness the reader is referred to [2,4,5,41].

Let� be a nonempty subset of K and α a measure of noncompactness on K . We say that a
continuous mapping f : � → K is said to be countably α-condensing if α ( f (D)) < α (D)
for each countably bounded set D ⊆ � with α(D) > 0. M. Väth defined the notion of
countably α-condensing mapping (see [18,42,41] and their references).
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The fact that in this notion we consider only countably bounded sets is important in
connections with differential and integral operators of vector functions in nonseparable spaces
[21,37,38,42,41].

A continuous homotopy h: [0, 1] × � → K is said to be countably α-condensing if
α (h ([0, 1] × D)) < α (D) for each countably bounded set D ⊆ � with α(D) > 0.

We need to recall the properties of a topological index for countably α-condensing map-
pings defined by M. Väth in [41].

Let � be a non-empty bounded open set in K . If f : � → K is a countably α-condensing
mapping, without fixed pointes on ∂�, then as it is presented in [41], it is well defined a fixed
point index of f with respect to �. This fixed-point index is denoted by indK ( f,�) and it
is an integer.

We need to cite the following of its properties.

Proposition 7 Let � be a non-empty bounded open set in K and f : � → K a countably
α-condensing mapping such that f has no fixed point on ∂�. Then the following properties
of indK ( f,�) are satisfied:

(1) Existence: If indK ( f,�) �= 0 then f has a fixed-point in �,
(2) Normalization: If f ≡ 0 and 0 ∈ � then indK ( f,�) = 1.
(3) Homotopy invariance: If h: [0, 1] × � → K is a countably α-condensing homoto-

py such that h (t, x) �= x f or all (t, x) ∈ [0, 1] × ∂� then indK (h (0, ·) ,�) =
indK (h (1, ·) ,�) .

Proof For the proofs of properties indicated above the reader is referred to ([41], Theorem
1.3 and Corollary 2.1). ��

Now we suppose given a mapping B: E × E → P satisfying the following properties:

(b1) B (λx, y) = λB (x, y) for any λ ∈ R+\ {0} and any x, y ∈ E,
(b2) B(x, x) > 0 for any x ∈ E\{0}.

The reader can find examples of mappings B satisfying properties (b1), (b2) in [30]. In
particular any semi-inner product in Lumer’s sense satisfies (b1) and (b2)

Definition 1 We say that a mapping f: E → E is B-quasi-bounded with respect to a closed
convex cone K ⊆ E if and only if

lim sup
‖x‖→+∞

x∈K

B ( f (x) , x)

B (x, x)
< +∞.

If f is B-quasi-bounded we denote [ f ]KBqb = lim sup
‖x‖→+∞

x∈K

B( f (x),x)
B(x,x) .

If K = E , we denote [ f ]KBqb
by [ f ]B . If E is a Hilbert space (H, 〈·, ·〉) and if B is the inner-

product 〈·, ·〉, then in this case we say that a mapping f : E → E is scalarly-quasi-bounded
(S-quasi-bounded) if f is 〈·, ·〉-quasi-bounded with respect to K (or with respect to E). It is
easy to observe that on a Hilbert space, taking B = 〈·, ·〉 we have that any quasi-bounded
mapping f : H → H in the classical sense, is S-quasi-bounded. If B is a semi-inner-product
in Lumer’s sense on a Banach space E , then any quasi-bounded mapping in the classical
sense is B-quasi-bounded, if the semi-inner-product is compatible with the norm of E .

More general if (E, ‖·‖) and (F, ‖·‖) are two Banach spaces and we have that a mapping
B: E × F → R satisfies the properties (b1) and (b2), we can say that a mapping f : E → F
is B-quasi-bounded on E if lim sup

‖x‖→+∞
B(x, f (x))

B(x,x) < +∞.
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Obviously, this definition can be considered also with respect to a closed convex cone
K ⊂ E .

We have the following result.

Theorem 8 Let (E, ‖·‖) be a Banach space, K ⊂ E a closed convex cone and f : E → E
a mapping.

If the following assumptions are satisfied:

(1) f is countably α-condensing,
(2) f (K ) ⊆ K ,
(3) f is B-quasi-bounded and [ f ]KBqb < 1, then f has a fixed point in K .

Proof Because lim sup
‖x‖→+∞

x∈K

B( f (x),x)
B(x,x) < 1, then there exist ρ > 0, 0 < ρ < 1 and r > 0 such

that B( f (x),x)
B(x,x) ≤ ρ for any x with ‖x‖ ≥ r .

Therefore we have B ( f (x) , x) ≤ ρB (x, x), for all x with ||x || ≥ r . We consider the set
Br

K
= {x ∈ K | ‖x‖ < r }. Obviously 0 ∈ Br

K
and ∂Br

K
= {x ∈ K | ‖x‖ = r }.

Let h: [0, 1] × Br
K

→ K be the continuous homotopy defined by

h (t, x) := t f (x) for any (t, x) ∈ [0, 1] × Br
K
.

We show that h is countably condensing. Indeed let D be a countably not precompact
subset in Br

K
, with α(D) > 0.

Since, h ([0, 1] × D) = ⋃
0≤t≤1

t f (D) ⊆ conv [ f (D) ∪ {0}], then applying the properties

of the measure of noncompactness α we have

α (h ([0, 1] × D)) = α

⎛
⎝ ⋃

0≤t≤1

t f (D)

⎞
⎠ ≤ α ( f (D)) < α (D) .

Therefore, h is countably α-condensing. We have also that

h (t, x) �= x for all (t, x) ∈ [0, 1] × ∂Br
K
.

Indeed, if h(t, x) = x for some (t, x) ∈ [0, 1] × ∂Br
K

then (considering the definition of
h we have t �= 0. Considering the fact that ||x || = r and 0 < t ≤ 1, we have

B (x, x) = B (t f (x) , x) = t B ( f (x) , x) ≤ tρB (x, x) ≤ ρB (x, x) ,

which implies, B (x, x) [1 − ρ] ≤ 0 and finally 1 ≤ ρ, but this is impossible, because ρ was
selected such that 0 < ρ < 1.

Therefore, the homotopy invariance of the fixed-point index implies

indK

(
h (1, ·) , Br

K

) = indK

(
h (0, ·) , Br

K

)
.

Since h(0,·) ≡ 0 and 0 ∈ Br
K

, from Proposition 7 we have that f has a fixed point in Br
K

and the proof is complete. ��
Corollary 9 If (H, 〈·, ·〉) is a Hilbert space, K ⊂ H a closed convex cone, f: K → K a
countably α-condensing mapping and

lim sup
‖x‖→+∞

x∈K

〈 f (x) , x〉
‖x‖2 < 1,

then f has a fixed point in K .
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Remark We note that Theorem 8 is a generalization of ([30], Theorem 6.1) but the proof
presented above is different.

We have also the following application to the study of complementarity problems.

Corollary 10 Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed pointed convex cone. Let f:
H → H be a mapping such that f (x) = x − μA (x)− λT (x), for any x ∈ H, where A, T:
H → H and μ, λ ∈ R+\ {0}. The mapping A is supposed to satisfy condition (BN) and T is
quasi-bounded with [T ]qb > 0.

Then for any μ and λ such that λ < 1
[T ]qb

and the mapping 	(x) = PK [μA (x)+ λT (x)]

is countably α-condensing, the problem NCP(f, K ) has a solution.

Proof We apply Theorem 8 taking f = 	 and B (·, ·) = 〈·, ·〉. ��
Remark Corollary 10 can be applied to the study of some nonlinear complementarity prob-
lems defined by integral operators and depending of parameters.

Comments We proposed in this paper some mathematical tools, based on quasi-bounded
operators applicable to the study of nonlinear complementarity problems depending of param-
eters. Certainly other developments of this subject are possible.
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